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Abstract 

We will study variations in Sobolev spaces of optimal transport maps with the standard 
Gaussian measure as the reference measure. Some dimension free inequalities will be obtained. 
As application, we construct solutions to Monge- Ampere equations in finite dimension, as well 
as on the Wiener space. 
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Let e~ v dx and e~ w dx be two probability measures on R d having second moment, then there is 
a convex function 4> such that V<E> is the optimal transport map which pushes e~ v dx to e~ w dx. 
If moreover (i) the functions V and W are smooth, bounded from below, (ii) the Hessian V 2 V of 
V is bounded from above and S7W > K\ Id with K\ > 0, then <E> is smooth (see [21 E]) and 

sup ||V 2 $(x)|| ffs < +oo, 

£c6B d 

where || • \\hs denotes the Hilbert-Schmidt norm. The above upper bound is dimension-dependent. 
In a recent work [5J, A.V. Kolcsnikov proved the inequality 

\7V\ 2 e~ v dx > K x f ||V 2 $||^ s e- y da;. (0.1) 

Although the constant K\ in (|0.ip is of dimension free, but on infinite dimensional spaces, V 2 <I> 
usually is not of Hilbert-Schmidt class. Let V$(x) = x + V<p(x). A dimension free inequality for 
ll^ 2( ^llffS nas been established in [5J under the hypothesis 

V 2 ^<A- 2 Id. (0.2) 

Our work has been inspired from a series of works by A.V. Kolesnikov [5J[71IH] and a series of works 
by D. Feyel and A. S. Ustimel |T0l [TTl [12] ■ The main contribution is to remove the condition (|0.2[) . 
Here is the result: 

Theorem 0.1. Let e~ v d"f and e~ w d"f be two probability measures on R d , where 7 is the standard 
Gaussian measure on R d . Suppose that V 2 W > -eld with c <G [0, 1[. Then 



f |W| 2 e ^d 7 - / |W| 2 e-^ 7 +-^ / ||V 2 ^||L 
> 2Ent 7 (e- v V2Ent 7 ( e - H/ ) + i— - / \\V 2 <p\\ 2 HS e' v d~f. 



-W j 

e 07 



(0.3) 
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It is interesting to remark that the two first terms on the left hand side of (|0.3p is the difference of 
Fisher's information, while two first terms on the right hand side is the 2 times of the difference of 
entropy. We mention that in a different framework, some Sobolev estimates for optimal transport 
maps have been done in [5J [5] . 

The organization of the paper is as follows. In section 1, we present a construction of the optimal 
transport map S on the Wiener space X, when the source measure e~ w fj, satisfies the Poincare 
inequality, and target measure e~ v /i is such that the Dirichlet form Ey(f,f) = J x | V/|^ e~ v d\x 
is closable; the map S is defined by a 1-convex function : S(x) = x + Vij){x) with %j) £ Df (X). In 
the remainder of the paper, we reverse the source and the target, in order to study the regularity 
of the inverse map T of S. The main task in section 2 is to prove Theorem 10.11 first for a priori 
estimate, then extended to suitable Sobolev spaces. In section 3, we construct a solution to Mongc- 
Ampcre equation on the Wiener space: our result (see Theorem 13. 4[) includes two special cases, 
one studied in [TT] where the source measure is the Wiener measure, another one in [5] where the 
target measure is the Wiener measure. Besides, we prove that the map S constructed in section 1 
admits an inverse map T which is T(x) =x + Vtp(x) with tp e ®l( x ) ( see Theorem 3.5). 



1 Optimal transport maps on the Wiener space 

Let (X, H, fi) be an abstract Wiener space. Consider on X the pseudo-distance dn defined by 

(\x-y\ H if x-y& H; 
affix, y) = < ' 

y ' y; [_ +oo otherwise. 

Denote by V(X) the space of probability measures on X. For U\,v 2 e V{X), we consider the 
following Wasserstein distance 

WfOi,^) = infj / d H (x, y) 2 Tr(dx,dy); n G C(ui, v 2 ) \, 

where C(v\, v-x) denotes the totality of probability measures on the product space XxX, having 
vi, V2 as marginal laws. Note that W%{vx, v?) could take value +00. By Talagrand's inequality (see 
for example [13]), W%(p,, ffj,) < 2 J x f log f dfJ,, that we will denote the latter term by Ent M (/), we 
have 

W 2 (ffi, gf i) < V2(^/Ent M (/) + yW^.9)), (1.1) 

which is finite, if the measures j ' \i and gfi have finite entropy. In this situation, it was proven 
in [10] that there is a unique map £ : X — > H such that x — > x + £(x) pushes fjj, to g\i and 
Wi{ffi, gfi) 2 = J x \£\ H fdfx. However for a general source measure fn, the construction in [TU] is 
not explicit. For our purpose and the sake of self-contained, we will use the construction in the 
first part of [TU] , that is the usual way when the cost function is strictly convex (see [JJ , [TS] ) . 

Let's introduce some notations in Malliavin calculus (see [T3], [SJ). A function / : X — > R is 
called to be cylindrical if it admits the expression 

f(x) = f(e 1 (x),...,e N (x)), feC%°(R N ),N>l (1.2) 

where {ei,...,ejv} are elements in dual space X* of X. We denote by Cylin(A) the space of 
cylindrical functions on X. For / G Cylin(X) given in (|1.2p . the gradient V/(x) G H is defined by 

JV 

V/(x) = Y^9 j f(e 1 (x), . . .,e N (x))ej, (1.3) 
i=i 

where dj is ith-partial derivative. Let K be a separable Hilbert space; a map F : X — > K is 
cylindrical if F admits the expression 

m 

F = Y, ^ fi e Cylin(A), k t G K. (1.4) 
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We denote by Cylin(X, K) the space of if -valued cylindrical functions. For F £ Cylin(X, K), 
define VF = YliLi ^fi ® which is a H ® X-valued function. For h £ H, we denote 

m 

(VF, h) = ^^(V/i, h) h ki £ K. 

t=i 

In such a way, for any / € Cylin(X) and any integer k > 1, we can define, by induction, 

V fe / : X -> ® fc ii. 

Let p > 1; set 

11/11% =E / IIVVWII^^^), (1-5) 

here we used the usual convention ®°H = R, V / = /. The Sobolev space ©^(X) is the completion 
of Cylin(X) under the norm defined in (|1.5I) . In the same way, the Sobolev space Tf k {X\K) of 
if-valued functions is defined. 

Let V : X — > R be a measurable function such that e~ v is bounded and J x e~ v dfx = 1. Consider 
£y(F,F) = / \\VF\\ 2 H(SK e- v d^ F £ Cylin(X, K). (1.6) 
It is well-known that if 

/ \\7V\ 2 e- v dfi < +oo, (1.7) 

then the quadratic form (11.61) is closable over Cylin(X, K). We will denote by W k {X, K; e~ v /i) the 
closure of Cylin(X, K) with respect to the norm defined in (|1.5|) replacing /i by e~ v pL. 

Let W e ©KA") such that e~ w is bounded and / x e~ w d\x = 1. Assume that 

V 2 PF>-cId, ce[0, 1[. (1.8) 
It is known (see J2J[T2]) that the condition (|1.8[) implies the following logarithmic Sobolev inequality 

( X " c ) / TTTiT^ e~ w dn< ( \Vf\ 2 e~ w dn, f £ Cylin(X). (1.9) 

It is also known (see for example [TB]) that (|1.9[) is stronger than Poincare inequality 

(1-c) / (/-E w (/)) 2 e -^< / |V/| 2 e"^, (1.10) 
JX ix 

where denotes the integral with respect to the measure e~ w fi. 

Theorem 1.1. Under above conditions on V and W, there is a xjj £ Bf(X,e~ w fj,) such that 
x — > S(x) = x + Vip(x) is the optimal transport map which pushes e~ w [i to e~ v [i; moreover the 
inverse map of S is given by x — > x + f](x) with r\ £ L 2 (X, H; e~ v fi). 

Proof. Let {e„; n > 1} C X* be an orthonormal basis of H and set 

H„ = spann{ei, . . . , e n } 

the vector space spanned by ei, . . . ,e„, endowed with the induced norm of H. Let j„ be the 
standard Gaussian measure on H n . Denote 

n 
3 = 1 
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Then 7r n sends the Wiener measure /i to 7„. Let T n be the sub cr-field on X generated by 7r„, and 
E( \J- n ) be the conditional expectation with respect to [i and to J- n . Then we can write down 

E(e- w \F n ) = e~ w " o 7T„, E(e- V \ F n ) = o tt„. (1.11) 
Note that for any / £ L 1 (ff„,7„), 

/ fo7r n e- w d^= f f 07 r n E(e- w \F n )dfi= f fe~ w "d ln . 

JX JX JH n 

Applying (|1.10p to / o n n yields 

(1-c)/ (/- / fe- w ~d ln )\- w «d ln < f \Vf\ 2 e~ w -d lni f£Cl(H n ). (1.12) 

By Kantorovich dual representation theorem (see [IB]), we have W|(e _w/ ™7„, e _v ™ 7 „) = sup^ ^g^ J(-0, <^), 
where 

4> c = {(V, £ L 1 (e" w ™7„) x L 1 ( e - V » 7n ); ^(a:) + < |z - y|^}, 

and 

J(ip,tp)= / i/'(a;)e _vl/ "cf7„ + / ip(y) e~ Vn d-y n . 

JH n JH n 

We know there exists a couple of functions (tp n , V?n) in ^c, which can be chosen to be concave, such 
that W / |(e _ly ™7„, e _v/ ™7„) = J{^ ni ip n ). Let Lg £ C(e~ w "j n ,e~ Vn, ~fn) be an optimal coupling, 
that is, 

[ \x- y\ 2 Hn dT n Q {x, y) = W 2 (e~ w ^ n , e~ v - ln ). 

JH n xH n 

Then it holds true, 

\x- y\ 2 Hn > il> n {x) + Vn{y), {x,y)<EH n xH n , (1-13) 

and under Tq : 

\x-y\ 2 Hn ='>Pn(x) + cp n (y). (1.14) 
Combining (|1.13[) and (|1.14|) . Tq is supported by the graph of x — > x — ^X7ip n (x) so that 



|V^| 2 e- w »d7„ = Wi(e~ w - ln ,e- v - ln ). 

As in [TU], the sequence {Wf (e -W " 7 „, e _v "7„); n > 1} is increasing, and converges to W 2 {e~ w e~ v 
Now by (|1.12[) , changing tp n to i(j n — J H ip n e~ Wrl d'-f n , then ip n £ B> 2 (e~ w ""-f n ) and 

ll^||n ?( e-^ 7 „) < 2 / m n \ 2 e~ w "d ln . 

J H n 

According to (jl.ip . we get that sup ?l>1 ||VVi||£)2( e _w n7 ) < +oo. Now consider tp n = ip n o 7r„, 
<^n = Vn ° ?r n . Then 

sup ||^ n || D 2 (e -w M) < +oo. (1.15) 

n>l 

As in [TU], define F n (x, y) ~ djj(x, y) 2 — i/j n (x) — Vniu), which is non negative according to (|1.13|) . 
Let To be an optimal coupling between e~ w /i and e~ v [i. We have 

F n (x,y)T (dx, dy) = W%(e~ w iJ,, e~ v (i) - / ■ijj n (x)e~ w dfi - / <p n {y)e~ v d\i 

XxX JX JX 

WZ{e- w ii,e- v ii)- ( M*)e- Wn d ln - [ tp n (jt) e~ v ~ *y n (L16) 

J H n JH n 
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which tends to as n — > +00. Now returning to (|1.15[) . by Banach-Saks theorem, up to a subse- 
quence, the Cesaro mean i 53"= 1 $3 converges to ip m D 2 (e~ w [i). Therefore 

^ n 1 n 1 n 

- <p n (y) = d 2 H (x, y)--^2 4>j{x) f j( x > v) 

3=1 3=1 3=1 

which converges in L 1 to <p(y) = djj(x, y) — ip{x). Now define 

^ n 1 n 

V> = iim ~X)^i> <P= M 

n— ^+00 . -. n— ^+00 . 1 
3=1 3=1 

Then ip = ip for e~ w fj, almost all, <p = <p for e~ y /i almost all, and by (|1.13p . it holds that 

ip(x) + ^p(y)<d 2 H (x,y), (x,y)GXxX. (1.17) 

Also by above construction, under To 

i>(x) + ip(y)=d 2 H (x,y). (1.18) 

Denote by Qq the subset of (x, y) satisfying (|1.18[) . On the other hand, the fact that ip € Of (e~ w jj) 
implies that for any h £ H, there is a full measure subset Qh C X such that for x S flh, there is a 
sequence £j I such that 



(Vil>(x),h) H = Iim 



1p(x + Ej/l) — V 7 ^) 



Let D be a countable dense subset of H . Then there exists a full measure subset f2 such that for 
each x € Q, for any h E D, there is a sequence £j J, such that 



(Vip(x),h) H = hm 

j->+00 



^>(x + e 3 -/i) - ^(x) 



Set 9=(fixX)ne . Thcnr (O) = 1. For each couple (x,y) € 0, we have ip(x) + ip(y) = d 2 H {x,y) 
and ip(x + Sjh) + (p(y) < d 2 H {x + Ejh, y). Because x — y G H r — a. a. it follows that 

tp(x + ejh) - ip(x) < 2ej{h,x- y) H + £ 2 \h\ 2 H . 

Therefore (Vip(x), h)jj < 2(x — y, h) h for any h E D. From which we deduce that 

y = x-±Vrl>{x), (1.19) 

and To is supported by the graph of x — > S(x) — x — ^Vip(x). Replacing —\ip by ip, we get the 
statement of the first part of the theorem. For the second part, we refer to section 4 in [TU]. □ 

For later use, we will emphaze that the above constructed whole sequence 

(Pn-xpmtfie-Vfi,). (1.20) 

In fact, if ip is another cluster point of {ip n \ n > 1} for the weak topology of Of (e~ /i), then under 
the optimal plan Tq, the relation (|1.19[) holds for ip. Therefore Vip = almost everywhere for 
e _lv /i; it follows that ip = ip, since J x ipe~ w dfi = J x ip e~ w d[i = 0. Now note that 

\Vi> n \ 2 H e- w d(i = f \VTp n \ 2 Hn e- w "d 7n = W 2 (e- W "ln, e~ v - ln ) 

X JH n 



-+Wi{e~ w l i,e- V n)= W H e~ w dii. 

Jx 

Combining these two points, we see that ip n converges to ip in Pf(e- w /i). By ([L~T6]) . the sequence 
tfin converges to ip in L l {e~ v n). □ 
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2 Variation of optimal transport maps in Sobolev spaces 



2.1 A priori estimates 

Consider a probability measure d/j, = e~ a ^ dx on the Euclidean space (R d , | • |), where a : R d — > 
R is smooth. Let h, f be two positive functions on R d such that L d hdfj. = J Rd f dfj, = 1. Under 
some smooth conditions on h and / (see [31 H] or p. 561 in |17j). there exists a smooth convex 
function $ : M. d — ► R such that V<f> : R d — > R d is a diffeomorphism which pushes h[i forwards to 
fl*: (V$) # (V) = //* an d 



Wi(h/i,ffi) 



\x- V^(x)\ 2 h(x)d^(x), 



(2.1) 



where W 2 (h[i, ffi) denotes the Wasscrstein distance between the probability measures h/i and ffi, 
which is defined by 



Wi(h f i,ffi) = M 



<x«. d 



y\ 2 dir(x, y); tt e G(hn, ffi)X, 



the set C(hfx,fn) being the totality of probability measures on the product space R d x R d such 
that hfj, and ffi are marginals. 

By formula of change of variables, V$ satisfies the following Monge- Ampere equation 

/(V$)e- Q(v *) dct(V 2 $) = he~ a . (2.2) 

Now consider two couples of positive functions (hi, fi) and (ft.2,/2) satisfying same conditions as 
(h,f). Let $1 and $2 be the associated functions. Then we have 



/i(V$i)e- a ( v * 1 )det(V 2 $i) = hxe~ a , 

/ 2 (V$2)e- a(v * 2) dct(V 2 $ 2 ) = h 2 e~ a . 
Let 1S2 be the inverse map of V$2, that is, V$2(5 , 2(^)) = x on R d ; then we have 

V 2 $ 2 (5 2 (x)) V5 2 (x-) = Id, or VS 2 (x) = (V 2 ^)" 1 ^^)). 

Acting on the right by S 2 the two hand sides of (|2.3|) . as well as of (|2.4[) . we get 

fi(V<5>i(S 2 ))e- a ^ s ^det(VHi(S 2 )) = h 1 (S 3 )e- a &\ 



(2.3) 
(2.4) 



/ 2 e- Q det(V 2 $ 2 (5 2 )) = ^2(^2)6 



-a(S 2 ) 



(2.5) 
(2.6) 



It follows that 



fl /i(V$i(S 2 ))e- 



-a(V$i(S 2 )) 



/a /ie- a 
Taking the logarithm on the two sides yields 



■ det 



(V 2 $i)(V 2 $ 2 )" 1 l(5 2 ) = 



/i 2 (5 2 )' 



log(£)+log(/ie- Q )(V$i(S 2 )) - log(/ie- Q ) 

J2 



log det 



(2.7) 



(V^OCV^a)- 1 (S 2 )=log(-i)0S 2 ) 



Integrating the two sides of (|2.7[) with respect to the measure f 2 fi, we get 



Iog(^)(5 a )/ 2 dM- / log(^)/ 2 dM 



./1 



log det 



(V 2 $ 1 )(V 2 $ 2 )" 1 (S 2 )f 2 dfi 



log(/ 1 e- Q )(V<f> 1 (5 2 )) - log(/ie-«) 



f 2 dfi. 
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By Taylor formula up to order 2, 

log(/ie- a )(V$i(5 2 ))-log(/ 1 e- a ) = (Vlog(/ 1 e- a ) J V$i(5 2 (a : ))- a ;) 



+ / (1-t) V 2 log(/ 1 e- Q )((l-i)x + iV$ 1 (5 2 ( a ;)) .(VSiCSaCi))-^*. 
./o 



We have 



/ (VIog(/ie-«),V$i(5 a (a:))-x)/2dA* 
= / M/ie-^.VSiCSaCaO)-*)^. 

jRd Jl 

By integration by parts, this last term goes to 

-/ f ie ~ a diy(w^(S 2 (x)) - x) fydx- [ /ie- a (V*i(5 a (s))-x J V(^)>da! 
div(v*i(Sa(a?))-x)/ a d/«- / (V$i(S 2 (s)) - s, V(log £)> / 2 d/i. 

V 7 JK d Jl 



Note that V 



(V*i)(5 2 ) = V 2 $i(S 2 ) VS 2 = V 2 $!(5 2 ) • (V 2 $a) _1 (^2), and 

div(*V$i(S 2 (a;)) - x) = Trace V 2 $i(S 2 ) • (V 2 $ 2 ) _1 (^ 2 ) - Id 
Combining above computations yields 

(Vlog(/ ie - Q ), V*i(5 a (s)) - x) f 2 dfi 



Trace 



V 2 $i(5 2 )- (V 2 $ 2 )^ 1 (5 2 )-Id 
-/ (V*i(S a (x))-a;,V(log^))/2dM- 

JE d Jl 

For a matrix A on R d , the Fredholm-Carleman determinant det 2 (A) is defined by 

det 2 (A) = e Trace ( Id - A ) dct(A). 
It is easy to check that if A is symmetric positive, then < det 2 (A) < 1. We have 

Tracef (V 2 $i)(V 2 $ 2 ) _X ) = Trace(^(V 2 $ 2 )" 1/2 V 2 $i (V 2 $ 2 )" 1/2 ) , 

and 

dct((V 2 $i)(V 2 $ 2 )- 1 ) = dct((V 2 $ 2 )- 1/2 V 2 $i (V 2 $ 2 )~ 1/2 ) . 

Therefore 

logdet 2 ((V 2 $i)(V 2 $ 2 ) _1 ) = logdct 2 ((V 2 $ 2 )~ 1/2 V 2 $i (V 2 $ 2 )" 1/2 ) < 0. 
Now combining ()2-8|) . (|2 .9|) and f|2 . 10[) . we get the following result. 

Theorem 2.1. Let a € C°°(M. d ) and d/i = e~ a dx be a probability measure on M. d . Then 

Ent^J 2 -) -Ent /l(U (^) = / (V*i - V$ 2) V(log^)(V$ 2 ))/i 2 d/x 
"1 Ji Jv, d Ji 

- / log dct 2 ((V 2 $ 2 )~ 1/2 V 2 $i (V 2 $ 2 )- 1/2 ) ftad/i 

V 2 log(/ ie - Q )((l - i)V$ 2 + iV*i)l ■ (V$i - V$ 2 ) 2 h 2 dfi. 



+ / (l-t)di 
Jo 



Corollary 2.2. Suppose that 



V 2 (-log(/ ie - Q )) >cld, c>0. 



Then 



[ |V$! -V$ 2 | 2 /MM< -fEnt AlM (^) -Ent /lM (^ 
+ 4 / |Vlog^| 2 / 2 ^. 

If moreover fx = / 2; then it holds more precisely 

f h 
- / |V$ 1 -V$ 2 | 2 / l2 ^<Ent, llA1 (-^). 

^ jRd "1 



(2.13) 



(2.14) 



Proof. Note that 



/ (V$i- V$ 2 ,V(log^)(V$ 2 ))^2rfAi < ( / |V$i - V$ 2 | 2 /i 2 d/i 



1/2 



< 



|V$i - V$ 2 | 2 h 2 d[i 



|Vlogf | 2 / 2 d M 
Ji 

|Vlog^| 2 / 2 d/i- 
Ji 



Under condition (|2.13[) . the last term in (|2.12jl is bounded from below by 

°- f |V$i- V$ 2 | 2 Mm- 

Now according to (|2.12[) , we get the result from (|2.14l) . 

In what follows, we will consider the standard Gaussian measure 7 as the reference measure 
on M. d . Let e~ v and e~ w be two density functions with respect to 7, that is, J Rd e~ v = 
J Rd e~ w d"f = 1. Let $ be a smooth convex function such that V$ pushes e 7 forward to e~ W "f, 
that is, 



□ 



/ F(V$) e- v dj = [ Fi 
if Js. d 



-W j 
e d"f. 



Let a € R d ; then 



/ F(V$(x + a))e" 

./R d 



V(^+a) e -^,a>-i|a| 2 



c^7 



/ F(\7<f>)e~ v d-f. 



Denote by r a the translation by a, and M a (x) = e ^ ,a ^ 2 H 2 , then the above relations imply that 

V(r a $) # : e- T " v M al -> e"^. 

Let /n = e- T " v M a ,/i 2 = e~ v . Then Ent hlM (j£) = J Rd (r a y - y + (x, a) + \\a\ 2 )e~ v d 1 . Applying 
Theorem 12.11 , we get 

(T a V-V+(x 1 a) + l\a\ 2 )e- v d 1 

logdet 2 (V 2 $)- 1/2 V 2 (T a $)(V 2 $)" 1/2 e~ v dj 

+ 1 (l-t)dt [ \(ld + \7 2 W){A{t,x 7 a))] •(V$(a;)-V$(.T + a)) 2 e- v d7, 

JO JTg. d L - 1 

where A(t, x, a) = (1 - t)V$(x) + tV$(x + a). Note that as a ->• 0, A(f, x, a) -> V$(x). 
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Replacing a by —a, and summing respectively the two hand sides of these equalities, we get 
(V(x + a) + V(x - a) - 2V(x) + \a\ 2 ) e - y d 7 = J(a) + J(-a) 



+ (l-t)dt (Id + V*W)(A(t,x,a)) ■(V<5>(x)-V<I>{x + a)ye- v dj 



+ (l-t)dt (Id + V 2 W)(A(t,x,-a)) ■ (V$(x) - V$(x - a)) z e - v d 1 



(2.15) 



where 

J (a) = - f logdet 2 [(V 2 $)- 1/2 V 2 (r a $) (V 2 $)- 1/2 j e^dj. 

jR d L - 1 

By explicit formula in Lemma 14. II in appcndice, and write V$(x) = x + V<p(x), we have 

\j(ea)= f (l-t)dt [ + {l-t)V 2 v + tV 2 Lp{x + ea))- 1 l 2 
£ Jo Jm d 

e- 1 (y 2 ip(x + ea) - V 2 tp(xj) (J + (1 - *)VV + iV 2 ^ + ea))- 1 / 2 ^^-^. 
So that, by Fatou lemma 

lim ^ > 1 / + W)-i/2 J^V 2 ^) (7 + VV)- 1/2 ||^ S e"^d 7 . (2.16) 

Now replacing a by ea and dividing by e 2 the two hand sides of (|2.15p , letting e — > yields 

# 2 U+|a| 2 l e~ v d 1 > [ + V 2 i P r 1 / 2 D a V 2 ip(x)(I + V 2 <p)- 1 / 2 \\ 2 HS e- v d 1 



(2.17) 



+ J (Id + V 2 V^)(V$) (£> a V$,L> a V$)e" 1/ d7 

= / ||(/ + VV)- 1/2 ^VV(^)(/ + VV)- 1/2 || 2 H5e- y d7 

JR d 

+ [ \D a X/$\ 2 e- v d 1 + [ (V 2 VF)(V$)( J D Q V$, J D Q V$)e- y d 7 . 

JR d JR d 

By integration by parts, 

D 2 a Ve~ v d 1 = f {D a V) 2 e~ v d 1 + f D a V (a, x) e~ v d r 

JR d JR d 

Using (gTQ and |L> a V$| 2 = |a| 2 + 2(a, D a Vip) + \D a V<p\ 2 , we get 
{D a Vfe' v d 1 + [ D a V(a,x)e- v d 7 

' JR d 

> I \\{I + V 2 v)- ll2 D a V 2 v{x){I + V 2 ^' 2 \\ 2 HS e- v d 1 

JR d 

+ 2 f (a,D a V^)e- v d 1 + [ \D a \7<p\ 2 e7 v d 1 + [ V 2 Wv*(-DaV$, £> a V$) er v d 1 . 

JR d JR d JR d 

Summing a on an orthonormal basis B, it follows 



f \\7V\ 2 e~ v dj+ [ (x,W) 

JR d JR d 



e d'y 



> I ^||(I + VV)- 1/2 ^aV 2 ^)(/ + VV)- 1/2 || 



2 „-V 
HS 



e d'y 



(2.18) 



+ 2 / A^e- y d 7 + / \\V 2 V \\ 2 HS e 



dl + Y\ I V 2 t¥ V 4,(^aV$, J D a V$) 



e d 7 . 



Let 

N w (V 2 <p) = V 2 W v ^{D a V^,D a Vip). (2.19) 

a£B 

Then 

V / V 2 W^{D a V<5>,D a V<S>) e~ v d 1 

= [ {AW){\7<S>)e- v d-f + 2 { (V 2 iy(V$),VV>Hse _v d7+ / N w (\7 2 Lp) e~ v dj. 
This equality, together with (|2.18|) yield 

/ \VV\ 2 e- v d-f+ [ (x,VV)e- y d 1 

JR d JR d 

> I + V 2 ^ 2 D a V 2 ^ X )(I + V 2 ^ 2 \\ 2 HS e- v dl 

jRd aeB 

+ 2 f Ape~ v d 1 + [ \\V 2 v\\ 2 HS e- v d 1 + [ (AW)(V$) e~ v d 1 

JR d JR d JR d 

+ 2 f (V 2 W(V$),V 2 <p) H S e~ v d-y + [ N w {S7 2 tp) e~ v dj. 
jR d Jm d 

In order to obtain desired terms, we first use the relation 

/ \x + Vv{x)\ 2 e~ v d 1 = f \x\ 2 e~ w d 1 

JR d JS, d 

which gives that 

2/ (x,V<p(x))e- y d 1 = f \x\ 2 e~ w d 1 - [ \x\ 2 e~ v d 1 - [ \V V {x)\ 2 e~ v d 1 . 



(2.20) 



Let L be the Ornstein-Uhlenbeck operator: Lf(x) = Af(x) — (x, V/). Remark that 

h{\\x\ 2 ) = d-\x\ 2 . 

Then J Rd \x\ 2 e~ w d 1 -^ d \x\ 2 e~ v d 1 = - / Rd L(±\x\ 2 )e~ w d 1 + f Rd L(±\x\ 2 ) e - V dj, which is equal 
to 

- / {x,VW)e~ w d-y+ [ (i,W)e^rf 7 . 
jR d Jm d 

Therefore 

2 / (x, V<p(x)) e- v d-/ = - [ (x,\7W)e~ w dj 

jR d JR d 

+ f (x, W) e~ v dj - \ \Vip\ 2 e~ v d'y, 

JR d JR d 

On the other hand, from Monge- Ampere equation, 

e -v = e -^(v*) e L v -i|v v | 2 dct2(Id + 

we have 

—V = -W(V$) + L<p - i|V(/9| 2 + logdct 2 (Id + VV). 



(2.21) 
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Integrating the two hand sides with respect to e v dj, we get 

f hipe~ v d 1 =Ent 7 (e- y ) -Ent^e^') + \ [ \Vtp\ 2 e - v d-f 
Js. d 2 J R d 

- / logdet 2 (Id + V 2 (f)e~ v dj. 

Combining (pl2Tj) and ([2T2"2"]h we get 

2 / Aipe- V dj = 2 I LLpe~ v dj + 2 [ (x, Vtp) e~ v dj 
Jm d Jm d Jm d 

= 2Ent 7 (e _y ) - 2Ent 7 ( e - w/ ) - 2 / logdet 2 (Id + V 2 <p) e~ v d-f 

JR d 

- [ (x,\7W)e~ w dj + [ (x,VV)e- v d-y. 

JR d JR d 

Replacing J Rd Aipe^d'f in (|2.20[) by above expression, we obtain 

/ |V\/| 2 e- v d7 > 2Ent 7 (e- v ) - 2Ent 7 (e- w ) - 2 / log det 2 (Id + V 2 <p) e~ V d-/ 
jR d Jm d 

+ 1 ElK / + V V)" 1/2 ^aVVW(/ + VVr 1/2 ||ffse- V d7+ / \\V 2 9 \\ 2 HS e- V d 1 

M d agB M d 

+ I LWe~ w d 1 + 2 [ (V 2 W(V<S>),V 2 ip} HS e~ v d 1 + [ N w (V 2 tp) e~ v d-f. 

JR d JR d JR d 



(2.22) 



So we get 

Theorem 2.3. We have 

\VV\ 2 e- v d 1 - / \VW\ 2 e- w d 1 



> 2Ent 7 (e" y ) - 2Ent 7 ( e - lv ) - 2 / logdct 2 (Id + V 2 ^) e _y d 7 

+ / ElK / + V V)" 1/2 ^aVVW(/ + VV)- 1/2 || 2 i5e- V d7+ / HVVlllrse-^ 
a6f3 Jm d 

+ 2 [ {V 2 W{V^),V 2 ip) HS e- v d 1 + [ N w (V 2 ip)e- v d-f. 

jR d JR d 

Theorem 2.4. Assume that V 2 W > —eld with c S [0, 1[; then 

[ \VV\ 2 e- v dl -[ \VW\ 2 e- w d 1+ -^ f \\y 2 W\\ 2 HS e- w dl 

JR d JR d 1 — C 7 R d 

> 2Ent 7 (e~ y ) - 2Ent 7 (e~ w ") + ^— - [ ||VVlli?s e~ v d-y. 

2 Jm d 



(2.23) 



Proof. It is sufficient to notice that 

2 [ \(V 2 W(V<S>) 1 X? 2 V ) HS \e- v d 1 < 1 —^ [ \\V 2 V f HS e- v d 1+ -?— [ \\V 2 W\\ 2 HS e~ w d r 

JR d z JR d 1 — C J^d 

The inequality (|2.23|) follows from Theorem 12.31 □ 
Theorem 2.5. Let 1 <p<2. Denote by \ \ ■ \ \ op the norm of operator, then 

||VVlli P (e-v 7) < ||||/ + VVllop||V^ f||vy||i 2(e _ V7) + T ^-||V 2 ^||i 2(e _ w . 7) ). (2.24) 



11 



Proof. By Holder inequality 



||Wll^e- y d7< 



l|V 3 ^|| 2 



l|/ + V 2 ^||2 



p/2 



By (|4J|) below : 



IIWII 2 



\HS 



< 



£ ||(7 + Wr 1/2 (/ + W)- 1/a lllrs- 



Remark that J Rd \\7W\ 2 e~ w d-y > 2Ent 7 (e" H/ ). Now by Thcorem[231 we get the result. □ 

In what follows, we will compute the variation of optimal transport maps in Sobolev spaces. 
Consider 

(V$i)# : e~ Vl dj -> e^ax (V<J> 2 )# : e" 16 ^ -> e^cfry. 



(V 2 $ 2 )- 1 /2 V 2 $ 1 (V 2 $ 2 : 



-1/2 



We will explore the term — log dct 2 
Let V$i(x) = x + Vyi(x) and V<f> 2 (x) = x + V</? 2 (x); then 

V 2 $i = 7 + VVi, V 2 $ 2 = / + V 2 (p 2 
Theorem 2.6. Lei 1 < p < 2 and 



in Theorem 12.1 



M(VV,VV 2 ) 



||7 + VV|I< 



2p 



l|7 + VV 2 || op 



L^(e- V 2 7 ) 



(2.25) 



Assume that V 2 Wi > — eld ™£/i c G [0, 1[. Then we have 



||VV - V 2 V2\\ 2 LP{e -v 27) <2A7(VV, V 2 <p 2 ) 2 / (Vi - V 2 )e- v -d 1 



1 - c 



|V(W X -W 2 )\ 2 e' W2 dj 



(2.26) 



Proof. Applying Lemma IO to B = V 2 ipi - V 2 ip 2 and A = I + (1 - t)V 2 ip 2 + *VVi yields 



||(7 + (1 - t)VV 2 + iVV)~ 1/2 (VVi - VV 2 )(7 + (1 - <)V 2 (^ 2 + tvVi)- 1/2 || 



2 



> 



||7 + (l-t)W 2 +tVVi|| 2 P ' 



As above, by Holder inequality, we have 



HVV-VVall 



HS 



e~ V2 d-y > 



||7+(l-<)V 2 ^ 2 +tVViH; 
Now by convexity, 

||/ + (i - t)v 2 ^ 2 + tvVill 



||v 2 ^-v 2 ^ 2 || 2 p(e _ V27) 



||7 + (l-t)V 2 ^ 2 +iVV|| 



Op 



L2-p (e" v 2 7 ) 



o 1 1 



2p 

L 2- P ( e - v 2 7 ) 



< (1-i) ||7 + V 2 ^ 2 ||, 



_2p_ + i 

L2-P (e" l '2 7 ) 



||/ + VVi||c 



< M(V 2 ^i, V 2 <^ 2 ). 

L 2- P ( e - v 2 7 ) 



According to Lemma T4. 21 we have 

/ -logdet 2 ((V 2 $ 2 r 1/2 V 2 $i (V 2 $ 2 )- 1/2 ) e- V2 dj 

> / (1 - t)dt 
Jo Jm 



||7+(l-i)VV 2 +iVV|| 



e - V2 dj 



(2.27) 



i iivVi-vy 2 iii P(e ^ 7) 

- 2 A7(VV,V 2 V9 2 ) 
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By Cauchy-Schwarz inequality, 

/ (V$i - V$ 2 ,V(VFi - VK 2 )(V$ 2 ))e" V2 d7 
<([ |V*i - V<S> 2 \ 2 e- V2 d-f) 1/2 ( f \W(W 1 -W 2 )\' 

/ |V$i - \7$ 2 \ 2 e - V2 dj+ — !— [ \S7{W 1 -W 2 )\ 2 e- W2 d-f. 

jTg. d I — C Jjjd 



1 - c 



Under the hypothesis W 2 Wi > —eld with c < 1, the inequality (|2.14[) implies 

4 



/ |V$i - V$ 2 | 2 e- Va d 7 < — — / (Vi-V a )< 



e - y2 fi7 + 



(l-c)s 



/ |V(W1 - W 2 )| 2 e -^d 7 , 



so that 



/ (V$i - V$ 2 ,V(V^i - ^ 2 )(V$ 2 ))e- y2 d7 
< / (V 1 -V 2 )e~ V2 d 7 + -^— [ \V{W 1 -W 2 )\ 2 e~ W2 d 1 . 

JR d 1 — C J K d 

Now combinig (|2~T2"|) and (gUTJ) , we conclude (|2~2l)l) . □ 

2.2 Extension to Sobolev spaces 

In this subsection, we will assume that V <G B 2 (R c! , 7 ), W € B2(lR d , 7 ) and there exist constants 
8 2 > and c € [0, 1[ such that 



e~ v < 5 2 , e~ w < S 2 and \7 2 W > -eld. 



(2.28) 



It turns out that V and W are bounded from below. Consider the Ornstein-Uhlenbeck semi-group 
P e 



P e f(x) = / f{eT e x + s/\-e*y) d-y(y). 



If /€ D 2 (R d , 7 ), then 



and 



VP B /(a?) = e~ £ / V/(e- £ .T + Vl-e 2 ^) dry(y), 



V 2 P £ /(x) = e" 2e / V 2 /(e- £ x + ^l-e 2 ^) d 7 (y). 
It follows that ||VP e /|| L 2 (7) < ||V/||l»( 7 ) and | |V 2 P e /| \ LHl) < ||V 2 /|| L 2 (7) and 



lim||P £ / 



Id) 



0. 



(2.29) 



Now we use P £ to regularize V and W. Let 

Ki = Xn P±V + log ' 



d 7 , W n = PxW + l0g 



-Pi W 



d 7 , 



where G C^°(M d ) is a smooth function with compact support satisfying usual conditions: 
< Xn < 1 and 



Xn{x) = 1 if |x| < n, Xn(x) = if \x\ > n + 2, sup ||Vxn||oo < 1- 

n>l 
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Then the functions V n , W n satisfy conditions in (|2.28|) with 282 for n big enough, and W n converges 
to VU in L 2 (j). In fact, 

VK - W = VXnPlV + Xn (VP_lU - W) + W {Xn - 1). 

It is only to check that lim / \Vxn\ 2 P±\V\ 2 dj = 0. But 

J Rd 

(*) / \V X n\ 2 Px\V\ 2 d 1 = [ \V\ 2 P±\V X n?d 1 . 

JR d " JR d 

n — (1 — e _1 /")la;l 

For x € R d fixed, let rJx) = \ n -, then 

y/l - e^2/» 



P,|Vx„| 2 (,) < 



e 2 / Tl y|>n} 



d7(y) < 7(M > r n (x)) -> 0, 



as n —> +00. Now dominated Lebesgue convergence theorem, together with above (*) yields the 
result. 

Let x — > x + Vip n (x) be the optimal transport map which pushes e~ v ™7 forward to e~ Wn ~f. By 
Theorem [531 we have 

/ |W„| 2 e-^ 7 - / \VW n \ 2 e- w -d 1+ -^- [ \\V 2 W n \\ 2 HS e~ w "dj 

JR d JR d 1 — C J Rd ^ ^ 

> 2Ent 7 (e- v ") - 2Ent 7 (e" M/ ' 1 ) + ^— - / \\\7 2 tp n \\ 2 HS e- v "dj. 

2 jR d 

It follows that, according to (|2.28[) . 

(i) sup / ||V 2 </5 ra ||^ s e _v "d7 < +00. 

n>i JR d 

On the other hand, 

f |V^„| 2 e~ v -d 1 = W 2 (e- V " 7 , e- w ^). 
Jm d 

Note that, by transport cost inequality for Guassian measure: W r |(e _v ™7,7) < 2Ent 7 (e~ v ™), the 
right hand side of above equality is dominated by 4(Ent 7 (e _v ") + Ent 7 (e~ M/ ™)) which is bounded 
with respect to n, due to (|2.28[) . Therefore 

(ii) sup / \V ip n \ 2 e~ Vn dj < +00. 

n>l JR d 

For the moment, we suppose that 

(H) < Si < e- y . 

Under (H), above (i), (ii) imply that 

/ \Vip n \ 2 dj+ / \\V 2 <p n \\ 2 HS dj 

l JR d JR d 



sup 

n>l 



< +CO. 



Now by Poincare inequality L d \tp n ~ E(ip n )\ 2 dj < / Rd |V<p n | 2 d7 where E(<p n ) denotes the integral 
of ip n with respect to 7. Up to changing tp n by ip n — E(cp n ), we get 

sup||^„|| D 2 (7) < +00. (2.31) 
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Therefore there exists ip G ©2(7) such that cp n — > cp, V^„ — > V(f and V 2 tp n — > V 2 <p weakly in 
L 2 (j). Now by Theorem 2.6 (for p = 1), there exists a constant K > (independent of n), such 
that 

||VVn - VVm|lii (7) < # (||K - V m \\ L x {i) + ||VW„ - VW m ||^ (7) ) -> 0, (2.32) 



as n, m — > +00. Also by (|2.14j) . 



\\v<p n - v^ m || i2(7) < y— HIK - ^IUi( 7 ) + (1 _ e)2 l 



VW n -VW m ||i a(7) ->0, (2.33) 



as n,m —> +00. It follows that S7 2 (p n converges to V 2 ^ in L 1 ^) and Vip n converges to V<p in 
L 2 (j), as +00. Up to a subsequence, V 2 (p n converges to V 2 ip and V<^„ converges to V<p 

almost everwhere. Therefore 2 + Vtp(x) pushes e~ v, y to e~ W "f and Id + V 2 y is positive. 



Theorem 2.7. Lei V G ©f(R d ,7) and W G D|(R d ,7) satisfying conditions (gUg} and (#), i/ien 



i/ie optimal transport map x x + \7ip(x) which pushes e ^7 to e w ^f is such that ip G ©^(R^, 7) 



and 

/ |VF| 2 e- y d 7 - / \\7W\ 2 e- w dj+ — [ \\\7 2 W\\ 2 HS e- w dj 
Jm d JR d 1 — c J K d ^ 

> 2Ent 7 (e- y ) - 2Ent 7 ( e - w ') + - / llV^Hi^e"^. 

Proof. Again due to (|2.28[) . as n — > +00, at least for a subsequence, 

|VK| 2 e- y "d 7 -^ / |VF| 2 e- y d 7 , / | VW„| 2 e - w/ "d 7 -> f \VW\ 2 e- w d^. 

J«. d JS. d JR d 

On the other hand, for a almost everywhere convergence subsequence, by Fatou lemma, 

lim / \\V 2 i Pn \\ 2 HS e- v -d 1 > f HVVH^e-^. 
j Rd j Rd 

At the limit, ([2~3"U|) leads to (|2TMj) . □ 

In what follows, we will drop the condition (H), but assume (|2.28[) . Let n > 1, consider 

V n = V A n. 

Then K < V", |W„| < |W| and V n converge to V in D 2 (R d , 7 ). Let a n = L d e~ v "dj; then 

a n — > 1, as 11 — > +00. Let a: — > x + V</5 ra (x) be the optimal map which pushes e n /a n dj forward 
to e- w d-y. Then by (EMJ), 



2 

On the other hand, 



It follows that 



/ \\V 2 Vn \\ 2 HS —dl<5 2 [ \VV\ 2 d 1+ -^—[ \\V 2 W\\ 2 HS e- w d 1 . 

JR d a n jR d -L C J R d 



\Vp n \ 2 '—d 1 < I \V<p n { 2 - d-/ = W 2 (- J,e~ w i). 



sup 

n>l 



f \\7tp n \ 2 e- v dj+ [ \\S7 2 p n \\ 2 HS e- v d-f] < +00. (2.35) 

•/If* JR d - 1 



Since the Dirichlet form £(/, /) = / Rd | V/| 2 e" y d7 is closed, then there exists Y G D 2 (R d , R d ; e~ v j) 
such that 
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weakly in L 2 (e v 7 ). Then, for any £ £ L c 



pd. „-v 



7), 



(0 



Urn f {^V^n)e~ v d 1 = [ {^Y) e - V d 1 . 

! ^+°° Jm d JR d 



On the other hand, by stability of optimal transport plans, there exists a 1-convex function tp £ 
L 1 (e _v 7 ) such that a; — > x + Vy(x) is the unique optimal transport map which pushes e~ v dry 
forward to e~ w dj (see [TB] ,p.74) , such that, up to a subsequence, 



(n) 



lim 

n—>-\-oo 



%p(x, x + Vip n {x)) d-y 



«„ 

p d 



il>(x, x + Vy>(x)) e ^<i 7 , 



for any bounded continuous function ?/> : R x R — > R. Let be a cut-off function on R: 
or € Cfc(R) such that < a a < 1 and or = 1 over [0, i?] and or = over [2iJ, +oo[. Take £ as a 
bounded continuous function R d — > R rf and consider 

^(^,2/) = (£0),2/}aft(|y|)- 
By above (ii), and noting V<6 n (x) = a; + V<p n (x) and V$(x) = x + V(/?(x), we have 

(«*) lim / (£(s),V$ n (s)>a a (|V$„(aO|)— dr= / (?(x), V$(x))a fl (|V$(x)|)e" v d 7 . 
Note that 



(£(x), V$„(x)) (1 - a R (\V$ n (x)\)) d 7 

(e((V$„)- 1 (y)), 2/ )(l - a R (\y\)) e~ w d 1 < S 2 ||£|| e 
Combining this estimate with above (izi) , we get 



{|y|>fl} 



|y|^7(2/), 



lim 



V$„(x))- d 7 = / (£(x),V$(x))e~ y d 7 . 



(2.36) 



From (|2.36l) . it is not hard to see that 



lim 

n— >+oc 



(£(x),V$„(x)>e- y d 7 = / (C(x),V$(x))e- y d 7 



Now comparing with (i), we get that V$(x) = x + F(x) or Y = Vip. 

Theorem 2.8. Let V £ B?(R d , 7 ) and W £ D^(R d , 7 ) satisfying conditions (|2~28)l . TTiera tfte 
optimal transport map x — > x + \7ip(x) which pushes e~ v j to e~ w j is such that (p £ Il>2(K d , 7 ) an d 



[ \S7V\ 2 e- v dj - [ \VW 

J-R d JM d 



2-W 



d 7 - 



> 2Ent 7 (e" y ) - 2Ent 7 ( e - lv ) 
Proof. Replacing V by V n in (|2.34[) and note that 



1 - c 
1 - c 



,|V z W r ||ff S e~ ly d7 
|VVllffs e_yd 7- 



lim 



■n— >+oo 



-d 7 > lim . 



n— >+oo 



-<2 7 > 



VVllffse- v d 7 , 



we get the result by letting n — > +oo in (|2.34[) . It remains to prove that ip £ L 2 (e v 7 ). In fact, 
let To be the optimal plan induced by x — > x + Vy(x). Then (see section 1), under To, 

tp(x) +ip{y) = |x- y| 2 . 
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But we have seen in section 1 that ip € L 2 (e w ^f). Then under To, 

ip(x) 2 <2^(y) 2 + 2\x-y\ 4 . 
Let f2 be the set of couples (x 7 y) such that above inequality holds, then r (fi) = 1. We have 



ip 2 dr = / Lp 2 dr < 2 / ^p 2 dv 



\x- y\ 4 dT (x,y). 



It follows that 



v > 2 e~ v d 1 <2 i/fe- w dry + 166s \x\ 4 dj(x), 



which is finite. The proof is complete. 

We conclude this section by the following result. 



□ 



Theorem 2.9. Let V U V 2 € B> 2 (R. d ,~f) and Wi,W 2 G H>|.(R d ,7) satisfying (j2~2^|) and (H). Let 
V<^i, V<^2 &e fie associated optimal transport maps. Then for 1 < p < 2 



|VV-VV 2 |lL(e-^ <2M(VVi,VV 2 ) 3 / (Vi - V 2 )e~ v *d 1 

2 r ,_,„. „ r ., 2 -w 2 . 



1 - c 



\V(W 1 -W 2 )\ 2 e- w *d>y 



(2.37) 



where 



M(V 2 (p 1 ,V 2 if 2 ) = max 



|/ + vVl 



Op 



L 2 ~p (e- v 2 7 ) 



op 



L 2 -p (e- v 2 7 )y 



3 Monge- Ampere equations on the Wiener space 

Let's begin with finite dimension case. 
3.1 Monge-Ampere equations in finite dimension 

Theorem 3.1. Let V G P 2 (R d ,7) and W <G D^(M rf ,7) satisfying conditions ([2T2"g| and (H). Then 
the optimal transport map x — > x + Vtp(x) from e~ V "f to e~ W "f solves the following Monge-Ampere 
equation 

e -v = e -w ( v*) e £ v _i|v v | 2 dct2(Id + V 2^ ); (3 x) 

where V$(x) = x + Vy>(x). 

Proof. Let V n ,W n be the approximating sequence considered in section 2.2. Then 

-w„(v*„) e L v „-i|v v „| 2 det2(Id + (3 2) 



e- y " = e 



where V$ n (x) = x + Vip n {x) is the optimal mal pushing e~ Vn j forward to e~ Wn j. In order to pass 
to the limit in (|3.2[) , we have to prove the convergence of L<p„ to Lip, and W n (V$> n ) to M / (V<1>). 
By (|2.3ip - (|2.33|) . we see that for any 1 < p < 2. up to a subsequence 

Urn \\ip n - <p\\mM = 0. 

n— >+oo 2,1 

Now by Meyer inequality for Gaussian measure (see [T3] ) , 

\L<p n - L</?| p d7 < C p \\lf n - <P\\®p {l y 

Therefore for a subsequence, Lip n — > Lip almost all. Now 
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/ \W n (V$ n )-W(V<Z>)\d~(< / |W„(V$„)-W(V$„)|dr+ [ |W(V*„)-W(V$)|d7- ( 3 - 3 ) 

JRrf JR* jRrf 

By condition (If), the first term of the right hand side of (|3.3p is less than 

^ / |W n (V* n ) - W(V$„)| e~ v "d 7 = i / |W n - W\ e- w "dj -> 0, 

asn-> +00. For estimating the second term, let e > 0, choose W € Cb(K d ) such that 

||W-^||Li( 7) <e. 



We have 



/ |W(V#„)-W(V$)|d7< ^ / |^-^|(V$„)e- y "d 7 

+ / |M^(V$„)-M / (V$)|d7 + ^- / |W- W|(V$)e _v <f7 
<^IIW-W , || i i( 7 )+ / |#(V*„)-W(V*)|d7. 



It follows that 



lim / |W(V$ n ) - W(V$)| d~f = 0. 



So, combining this with (|3.3|) . up to a subsequence, W n (V$„) — > W(V$) almost all. The proof of 
(|3.1D is complete. □ 

In what follows, we will drop the condition (if). 

Theorem 3.2. Under conditions in Theorem \2.8l then Lip exists in L 1 (K. d , e~ v d"f) and 

e- v ' = e~^ v *> e ^-^l 2 det 2 (Id + VV), 

where V$(x) = x + V<p(x). 

Proof. Consider V« = V A n for n > 1; then V m < V n if m < n. Set a„ = / ffid e~ Vn dj, which goes 
to 1 as m +00. Without loss of generality, we assume that \ < a n < 2. Let x —> x + <p n (x) be 
the optimal map from e Q " rf 7 to e~ w dy. By Theorem 12.71 or Theorem 12.81 

/ ||ld + VVn||2p — d7<2(l+ 2- f | W „| 2 — d 7+ (-^) 2 / \\^W\\" HS e- w d 1 
and 

\\U + V 2 ( p m \\ 2 op ^—d 7 <2 f (i + ||vVm||^)— e^- v »^ d 7 

<8 / (l + UVVmllffs) 1 ^ 1 ^ 

<g(l+ 2 /■ |Wm | 2 £^ d7+( 2 )2 f || V 2 w|| ^ e -^ 7 
v 1 — c Jr<i a m 1 — c jjjd 

Therefore according to Thorem 12.91 it exists a constant C > independent of n, such that 



If f e — ^™ 

'|VVn- VVm||HSe- y d 7 < C / d 7 < 2C6 2 | |K ~ V m \ \ L 2 



(7)- 
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It follows that {V 2 <p n ; n >} is a Cauchy sequence in L 1 (e v d^). Up to subsequence, V 2 y n 
converges to V 2 tp almost all. On the other hand, by Theorem 12. 1[ 



/ |V<p„ - Vip m \ d-y < / \V n - V m + loga„ - loga m | c£y, 

which tends to as to, n — > +oo. Therefore up to a subsequence, V<p n converges to \7p almost all. 
Now using Theorem 13. 11 we have 



e -v n 



-w ( v*„) e L^-i|v v „| 2 det2(Id + y8 ) (3 4) 

where VQ n {x) = x + Vtp n (x). As what did in the last part of the proof to Theorem 13. 11 we have 

lim / | e -W(V*„) _ e -W(V*)| e -V dry = Q (3 5) 



?i— >oo 



Therefore for a subsequence, we proved that each term except Lip n in (|3.4p converges almost all; 
it follows 

up to a subsequence, Lip n converges to a function i* 1 almost all. (3-6) 
The fact that F <G i 1 (R d , e~ v d*y) comes from the relation 

F = -V + W(V<f>) + ^|V^| 2 -logdet 2 (Id + VV). 

Now it remains to prove that Lip exists in L 1 (R d , e~ v dj) and F = Lip. The difficulty is that we 
have no more the control in L 2 (e~ v dj) of Lip n by V 2 ip n . We will proceed as in [5]. 

Lemma 3.3. Assume that e~ v > Si > 0. Then there exists a constant K independent of 5\ such 
that for any f G U|(K d , e~ v dj), 



[ {Lf) 2 e-\ v ^ e- y d 1 < K(l+ f \V 2 f\ 2 e~ v d 7 + [ |W| 2 e~ v 'dry) . 

JS. d ^ JTg. d JR d ' 



(3.7) 



Proof. Any / e D^(IR d , e- y d^) is also in D|(M d , dj); then Lf exists in L 2 (R d , e~ v dq), and we 
can approximate / by functions in C 2 bounded with bounded derivatives up to order 2. For the 
moment, assume that / is in the latter class. So 

(L/) 2 e-l v 'l 2 e~ v d 1 = - f (V/, V(L/e-l v 'l V y )) d 1 . (3.8) 

jR d JR d 

We have 

(V/, V(L/e-l^l 2 e -^)) = (V/,VL/)e-|v/lVv 



2(V/^V/,V 2 /)e- v 'L/e-l v /l - (V/, W)L/e"l v 'l e~ v 



(3.9) 



By Cauchy-Schwarz inequality, 



/ {Vf®Vf,V 2 f)e~ v Lfe-^f\ 2 d 1 



<( / (V/®V/,V 2 /) 2 e-|v/l 2 e -v d7 V /2 (/ ( L /) 2 e -|v/l 2 e -^ 7 y /2 . 



In the same way, we treat the last term in (|3.9|) . Set A = / Rd (V/, VL/)e l v ^l 2 e y d7, 

1/2 / /" „ ITTf|2 „ . \i/a 



B = 2 



(/ <V/®V/,V 2 /) 2 e -|v/lVv d7 V +(/ (V/,VT/) 2 e-!V/l 2 e -^ 7 ) 
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1 /2 

and Y = (^J Rd (hf) 2 e~^ v ^~e~ v d'y S j . Then combining (|3.8[) . (|3.9[) and par above computation, 
we get 

y 2 <-A + 5F. (3.10) 

It follows that the discriminant of P(A) = A 2 — £?A + A is iron negative and P(X) = (A — Ai)(A — A2). 
The relation (j3.10j) implies that Y is between two roots of P. In particular, 



Y <(B+ \jB 2 -AA)/2. (3.11) 
It is obvious that for a numerical constant K\ > 0, 



B 2 < K x ( [ I V 2 /| 2 e~ v dj + f I W| 2 e~ v d 7 



For estimating the term A, we use the commutation formula for Gaussian measures (sec for example 
M, P. 144), 

VL/ = LV/ - V/, 

so that we get 

|A| < ifi fl + / \V 2 f\ 2 e- v d 1 + f |VF| 2 e- y d 7 ). 

Now the relation (|3~TTj) yields ([3"7T]) . □ 
Applying (|3.7[) to we have 



sup / (L^„) 2 e- |V¥) " 12 e~ v d 1 < +00. 

n>l 



Therefore the family {L<p n e l Vv "l / 2 } is uniformly integrable with respect to e y d 7 . Then for 
any^C^), 



n— >•+■ 

But 



lim / I^„e-l v ^l 2 / 2 £e- v d 7 = / P e - |V¥)|2/2 £ e~ v d 7 . (3-12) 



L<^ n e-l v ^l"/ 2 e e - v d 7 = / (V¥>„®Vp„, V 2 ^„)e-I v ^l / 2 £e" v d 7 

(^,V(ee^))e-l^"l 2 / 2 d 7 , 



which converges to / E< (V^ ® Vip, W 2 (p}e~^^ 2 / 2 ier v d 1 - J Rd (ip,W^e- v )) e -^^ 2 / 2 dj. So we 
get 

(F - (Vp, W))e" |Vv|2/2 £ e~ v d 7 = - / (Vy?, VCfe" 1 Vl ^ |2/2 )> e" y d 7 . (3.13) 



Note that the generator Ly associated to the Dirichlet form £v(f,f) = J^d |V/| 2 e v d~f admits 
the expression Ly(/) = L(/) — (V/, VV). Therefore the relation (|3.13p tells us that F = Lip. □ 

3.2 Monge- Ampere equations on the Wiener space 

We return now to the situation in Theorem 11.11 Let V £ U 2 (A) and W € WfPO such that 
J x e~ v d/i = J x e~ w dfi — 1. Assume that 

e- y < S 2 , e~ w < S 2 , (3.14) 
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and (jl.8|) . Let {e n ;n > 1} C X* be an orthonormal basis of H and H n the subspace spanned by 

n 

{d, . . . , e„}. As in section 1, denote 7r n (x) = ej(x)ej and J-~ n the sub cr-field generated by 7T n . 

i=i 

In the sequel, we will see that the manner to regularize the density functions e~ v and e~ w has 
impacts on final results. 

Set 

E(e- V '| F n ) = e~ V ~ o 7T„, E{W\F n ) = W n o 7T n . (3.15) 

It is obvious that \7 2 W n > — cIdjj n( g)H„. Applying Theorem 12. 81 there is a y?„ G B^ifnj,,) 
such that a; — > x + Vtp n (x) is the optimal transport map which pushes e~ Vn j n to e~ n 7 n . Let 
V?n = <Pn ° Tn- We have 



1 - c 



(3.16) 



</ |VKre- v "d 7 „ + - / \\V'W n \\' HS e- w -d ln . 

JH n 1 - C J Hn 

By Cauchy-Schwarz inequality for conditional expectation, 

|VE(e-V«)lff n < n\W\ 2 H e- v \T n )E(e- v \T n ) 
which implies that J Hn \W n \ 2 e~ v " d~f n < J x \VV\ 2 e~ v d^i. So (f3TT6]) yields 

I \\V 2 ^\\ 2 HS e- v d^< f |W| 2 e-^ + -^ f \\W 2 W\\ 2 HS d^. (3.17) 

J X J X J X 

Let n, to be two integers such that n > to, and : £f« — > -ff,„ the orthogonal projection. Then 
+ V((/9 m o 7r^) pushes e _y *™ o 7r^7„ to e _M/ ™ o 77^ 7„. In fact, for any bounded continuous 
function / : H n —> R, 



H„ 



/(z+^m(Vv?m)o7r™ (ic))e m o7r™d7. 



Hi 



/(z'+z+7T^ l (V( ( c m )(z))e m (z)d7 m (z) ^7(2;') 



H„ 



where H n = ff m ©if^ and 7n = 7 m Cg)7. Note that 7r™ (V^ m ) = Vy m ; then the last term in above 
equality yields 



Hi 



/(*' + 2 /) e - ly -(y)d 7m (2/) d^*') = / /(•^)e- M/m o ^{x)d ln {x). 



Now by flPH) , 



||Vp n - V(^ m o 7r r "„)|| 2 2(e _v„ 7n) 



liv^„ - v^ m ||| a(e -v^ 



< 



1 - c 



04 7T„ - V m o 7r m )e + 



4<5 2 



(l-c)-^x 



|VE(W|.F„) - VE(W\T m )\ 2 d/i. 



Now in order to control the sequence of functions ip n , we suppose that 

e~ v > S t > 0. 

Under (|3.19[) . it is clear that 

/ (V n o 7r„ — y m o 7r m )e~ v d/i — >• 0, as n, to — ^ +00. 



(3.18) 



(3.19) 
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Now replacing tp n by tp n — J x <p n d[i and according to Poincare inequality, and by p,18[) , we see 
that ip n converges in to a function tp. On the other hand, by (|3.17p . ip n converges to a 

function tp G H)?>(X) weakly. By uniqueness of limits, we sec in fact that tp G H>?,(X). Now wc 
proceed as in subsection 3.1, wc have 

lim / ||V 2 (^„- S7 2 tp\\ H sdn = 0. (3.20) 

Combining (|3.20j) and (|3.17|) . up to a subsequence, for any 1 < p < 2, 

lim / \\V 2 <p n -V 2 (p\\ p Hq d[J, = 0. (3.21) 

n— >+oo 

By Meyer inequality f|14j). 



hs ' 
x 



n— >+oo 



lim / \\htp n -htp\\ v HS dii = Q. (3.22) 



x 



So everything goes well under the supplementary condition (|3.19[) . Wc finally get 

Theorem 3.4. Under conditions fl3.14[) . (|1.8[) and (|3.19p , there exists a function p G B^X) such 
that x — > x + Vip(x) pushes e~ v fi to e~ w fi and solves the Monge- Ampere equation 

e -v = e -w {T)e Lv-^ det2 (i dmH + vV), 

where T(x) = x + Vtp(x). 

Remark: The regularization of W used in (|3.15[) does not allows to prove that Wf ( e "7"j e~ Wn j n ) 
converges to W 2 (e~ v [i, e~ w (x) contrary to section 1; we do not know if the map T constructed in 
Theorem 13.41 is the optimal transport : which is due to the singularity of the cost function dn in 
contrast to finite dimensional case (see subsection 3.1). 



Theorem 3.5. Assume all conditions in Theorem \3.4\ and that 

W„ defined in (fLTTj) is in B 2 (#„) for all n>l. (3.23) 

Then there is a function p G B?,(X) such that x — > T(x) = x + ~S/p(x) is the optimal transport map 
which pushes e _v [i to e~ w fi and T is the inverse map of S in Theorem ll.il 

Proof. By Proposition 5.1 in [12], W n satisfies the condition (|2.28l) . So we can repeat the 
arguments as above, but the difference is that in actual case, W / |(e~ v "7„, e~ Wrl j n ) converges to 
M^Ke^^/i, e~ w /i). Using notations in the proof of Theorem ll.il x -> x — ^Wp n (x) is the optimal 
transport map, which pushes e~ Vnr y n to e~ Wn ^ n . So that 



Wf (e"V e-%) = \ J \V<p\ 2 H e~ v d^ 



that means that x — > T{x) = x — iVy(x) is the optimal transport map which pushes e \i to 



e 



~w 



fjL. To see that T is the inverse map of 5* in Theorem 11.11 we use (|1.20[) , which implies that 
under the optimal plan To, 

-2il>(x) + tp(y) = d H (x, y) 2 , 

since we have replaced — \ip by ip at the end of the proof of Theorem ll.il But now ip <G D?>(X), 
we can differentiate tp as in section 1, so that under To, 

x = y- ^<p(y). 

Therefore r/ G L 2 (X, H, e~ v fi) is given by rj = -§V<£ with p G B|(X). □ 

Examples: (i) If W & Bf(X) satisfies J x \X7W\ 4 dfi < +oo and < 5i < e~ w < 5 2 then (j3~23)) 
holds. □ 
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(ii) For an orthonormal basis {e„; n > 1} of H, define W(x) = J2 n >i ^nZn{x) 2 , where A„ > —1/2 
an d Z)«>i I'M < +00. We have, 



where a„ = 



.. So (|3^3l holds. 



□ 



Lk>n V /1+2A I 

4 Appendix: 

For the sake of reader's convenience, we collect in this section some results used in this work. 

Lemma 4.1. Let A be a symmetric positive definite matrix and B be a symmetric matrix on M. d ; 
then 

\ A -i/* BA -i/*\\ HS > ilMks , (4.1) 



op 



where \ \ ■ \ \ op denotes the norm of matrices. 



Proof. Let C = A^^BA' 1 / 2 , then C = A 1 I 2 BA 1 I 2 . Let {ei, ■ • • , e d } be an orthonormal basis 
of R d , of eigenvalues of A: A 1 l 2 e i = y/X^ei. We have Be, = \f\~i A 1 / 2 Ce i and 



\Be t \ 2 < max(A,) \A^ 2 CeA 2 = max(A 2 ) (Ce^ACe,) < \\A\\% \Ce 
It follows that \\B\\ 2 HS < \\A\\ 2 op \\C\\ 2 HS . The result flU]) follows. 



□ 



Lemma 4.2. Let ^4,L? be symmetric matrices such that I + A and I + B are positive definite. 
Then 

-logdet 2 ((/ + A)(I + B)- 1 ' 

(4.2) 

(1 - t)\\(I + (1 - t)B + iA)- 1 / 2 ^ - B)(I + (1 - t)fl + tA)- 1 / 2 !!^ dt. 



Proof. Note first 7- (I + A) (I + B)- 1 = (B - A) (I + B)- 1 and 

(*) Trace [/- (I + A){I + B)- 1 ] = (B - A, {I + B)- 1 ) HS . 

Let x (t) = logdetf J + (1 - t)B + tA) for t E [0, 1]. Wc have 



Then 



X '{t) = Trace (A - B)(I + (1 - t)B + tA)- 1 = (A - B, (I + (1 - t)B + tAj'^HS 



log det(I + A) — log det(7 + B) = {A-B, [ {I + (1 - t)B + tA)- 1 dt) HS . 

Jo 

According to above (i) and definition of det2, we get 

- logdct 2 ((/ + A)(I + B)- 1 ^ =(A-B, J [(/ + B)- 1 - (I + (1 - t)B + tA)- 1 ] dt) HS 
f 1 . pt 



(A-B, /(/+(!- s)B + sA)- 1 (A - B) {I + (1 - s)B + sA^ds dt) 



)HS 



which is equal to J^(l - t)(A - B, (I + (1 - t)B + tA)- 1 (A - B) (I + (1 - t)B + tAj'^HS dt, 
implying I[4T2"|) . □ 
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